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Abstract 
Fletcher, P. and W. Hunsaker, Symmetry conditions in terms of open sets, Topology and its 
Applications 45 (1992) 39-47. 
A quasi-uniform space is Smyth symmetric provided that its quasi-proximity is a proximity. This 
paper shows that a space is Smyth symmetric if and only if it is small-set symmetric and either 
open symmetric or semi-symmetric in the sense of J. Desk. Every Smyth symmetric quasi-uniformity 
is quiet, and in the class of totally bounded quasi-uniform spaces both Smyth symmetry and 
quietness are equivalent to being a uniformity. In the class of small-set symmetric spaces the 
concepts of open symmetry, semi-symmetry and Smyth symmetry are equivalent. 
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1. Introduction 
Quasi-proximities were introduced by Dowker in terms of strong inclusion between 
subsets [6]. When formulated this way, a quasi-proximity on a set X is a binary 
relation < on P(X) satisfying: 
(1) X<X and @<fl, 
(2) if A<B, then AsB, 
(3) if AS B< CG 0, then A<D, 
(4) if A<B and A<C, then A<BnC, 
(5) if A<C and B<C, then AuB<C, and 
(6) if A -=s B, then there exists C G X such that A Q C < B. 
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One way to define a proximity on a set X is to add to the axioms of a quasi- 
proximity the following symmetry axiom: 
(7) if A<B, then X-B<X-A. 
Just as the notion of a quasi-proximity can be given by deleting the symmetry 
condition (7) from the axioms defining a proximity, a quasi-uniformity is defined 
from the axioms for a uniformity by deleting the symmetry axiom: 
For each entourage lJ there is a symmetric entourage V with Vs U. 
Recently Smyth has shown that if < is a quasi-proximity on X satisfying: 
(7’) if A and B are open sets and A < B, there exist open sets A’ and B’ such 
that An A'=@, Bu B’=X and B’<A’, 
then Q is a proximity on X [17, Proposition 31. 
If 021 is a quasi-uniformity on a set X, then % induces a quasi-proximity 6 on X 
defined by A6B if and only if for all U E %, U n A x B # 0. In terms of strong 
inclusion A < B if and only if there exists U E Ou such that U n A x (X - B) = 0 and 
we write AS-(X-B). A quasi-uniformity % is totally bounded provided that for 
each U E 021 there is a finite cover .& of X such that for each AE d, AX A E U. 
Among the quasi-uniformities that induce a given quasi-proximity < there is only 
one that is totally bounded [13, Theorem 11. 
In this paper, we continue our study of quasi-uniform and quasi-proximity 
properties that can be defined in terms of open sets. This study was begun in [lo], 
where we defined Smyth symmetry and small-set symmetry. Here we introduce open 
symmetry and show that a quasi-uniform space is Smyth symmetric if and only if 
it is both open symmetric and small-set symmetric. We consider the relationships 
between these properties and other extant symmetry properties. In particular, we 
show that every Smyth symmetric space is quiet [3,5] and that, in the class of totally 
bounded spaces, Smyth symmetry and quietness coincide. 
There is an interesting parallel between the results that hold for open symmetric 
spaces and those that hold for semi-symmetric spaces [2]. Indeed, we show that in 
the class of small-set symmetric spaces these two concepts coincide. We give 
examples to show that open symmetry and semi-symmetry are independent 
properties. 
2. Preliminaries 
Our first definition is based upon the result of Smyth [17, Proposition 31, which 
we have discussed in the Introduction. 
Definition [lo]. A quasi-uniformity Uu on X is Smyth symmetric provided that 
whenever A and B are open sets and U E 021 such that U(A) s B there are open 
sets A’ and B’ and V E % such that A n A’ = 0, B u B’ = X and V( B’) G A’. 
A quasi-uniformity is Smyth symmetric if and only if the quasi-proximity it induces 
is a proximity, and we make use of this characterization of Smyth symmetry 
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throughout. It follows that a totally bounded Smyth symmetric quasi-uniformity is 
a uniformity; however, an arbitrary Smyth symmetric quasi-uniformity need not be 
a uniformity [14, Example 5.11. 
Definition [lo]. Let (X, %) be a quasi-uniform space and let U E 011. A set B is 
U-small provided that whenever A is an open set and A I-T B # 0, B G U(A). The 
quasi-uniformity 011 is small-set symmetric provided that for each U E % the open 
U-small sets form a cover of X. 
Let (X, %) be a quasi-uniform space and let (9, 9) be an ordered pair of filters 
on X. We say that (9, %) is a Cauchy pair of jilters and write (9, 9) + 0 provided 
that for each U E % there are FE 9 and GE 9 such that F x G c_ U. The space 
(X, 011) is D-complete [S] provided that if (9, 3) -+ 0, then 9 converges; the space 
is strongly D-complete [8] provided that if (9, 9) + 0, then 9 has a cluster point. 
A quasi-uniform space is quiet [3] provided that for each U E “11 there is a VE % 
such that if (9, 9) + 0 and x and y are points of X such that V(x) E 9 and V’(y) E 9, 
then (x, y) E U. If V satisfies the above condition, we say that V is quiet for U. The 
space (X, 021) is uniformly regular [l] provided that for each U E 011 there is a VE % 
such that for each x E X, V(x) E U(x). Every quiet space is uniformly regular [7, 
Proposition 1.21. 
A quasi-uniform space (X, 021) is equinormal [16] provided that for each closed 
subset F of X, and each open set G containing F, there is a U E % such that 
U(F) s G. The Pervin quasi-uniformity 9 [ 111 of any topological space is 
equinormal. 
We note that quietness and uniform regularity are not quasi-proximity invariant 
properties [7, Example 3.31 whereas Smyth symmetry, equinormality and small-set 
symmetry (see Lemma 3.1(c) below) are quasi-proximity invariants. 
3. Smyth symmetry and small-set symmetry 
In what follows, & will denote the quasi-proximity induced on X by 3. 
Lemma 3.1. Let (X, %) be a quasi-uniform space. The following statements are 
equivalent. 
(a) The quasi-uniformity 011 is small-set symmetric. 
(b) For each U E 0% and each p E X there is a U-small neighborhood of p. 
(c) For each U E Ou and each open set A, A c U(A). 
(d) for any subsets A and B of X, A&B if and only if A&J?. 
Proof. It is evident that (a) implies (b). To see that (b) implies (c), let U E 011 and 
suppose that A is an open set. Let p E A and let B be a U-small neighborhood of 
p. Since B n A f 0, p E B c U(A). Therefore, A c U(A). To see that (c) implies (d), 
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let A and B be subsets of X such that AS,B. There exists an entourage Ii in 021 
such that U(A)n L?=(d and there is an entourage W in Ou such that W’G U and 
such that W(x) is open for each x E X. Since W( W*(A)) n l? =0 and AE W(A) c 
W2(A), AS&L?. To see that (d) implies (c), suppose that (d) obtains and yet there 
is an open set A and an entourage U E Ou such that A is not a subset of U(A). Let 
b E A- U(A). Since AS,(b), AS,{&} which contradicts the assumption that b E A. 
We conclude the proof by showing that (c) implies (a). Let U E 42 and choose VE Ou 
such that V3 G U. Let p E X and note that p & V(X - V’(p)). By hypothesis pg 
X - V-‘(p) and so there exists an open set G with p E G such that G s V’(p). 
We show that B = G n int( V(p)) is a U-small open set about p. Suppose that A is 
an open set and that An B # $3. Let a E An B, and let b E B. Then b E V(p) and 
a E G c V’(p) 5 V’( V’( p)). Thus p E V’(a) and b E V’(a) G U(A). Since B G 
U(A), B is U-small. 0 
Lemma 3.2. Let % be a small-set symmetric quasi-umformity on a set X. Let A E .T( “u), 
U E 021, and let WE “II such that W4s U and W(x) is open for all x E X. Then 
U(A) u (X - W3(A)) =X. 
Proof. By the previous lemma, W3(A) G W4(A). II 
In [2], Desk introduces semi-symmetry in order to clarify relations among several 
completeness properties, which include D-completeness and strong D-completeness. 
In this same paper Desk observes that every equinormal quasi-uniform space is 
semi-symmetric. 
Definition [2]. A quasi-uniform space (X, %) is semi-symmetric provided that 
whenever C is a closed set, H is an open set, and U’(C) G H for some U E %!, 
there exists V E % such that V(C) G H. 
Proposition 3.3. Let (X, Oh!) be a quasi-uniform space with associated quasi-proximity 
6. Then % is semi-symmetric if and only tf whenever P and Q are closed sets and PSQ, 
then QSP. 
Proof. Suppose % is semi-symmetric. Let P and Q be closed sets and suppose 
PS-Q. Then there exists a UE% such that UnPxQ=@. Since U’nQxP=B, 
U’(Q) G X - P and so there exists VE 021 such that V(Q) 5 X-P It follows that 
QS-I? 
Now suppose that the restriction of 6 to the collection of all closed subsets of X 
is symmetric. Let C be a closed set, let H be an open set and suppose that U’(C) 5 H 
for some U E %. Then U’ n C x (X - H) = 0 and so U n (X - H) x C = 0. Therefore 
(X-H)SC and so CS(X-H). Therefore there exists VE % such that Vn 
(Cx(X-H))=& it follows that V(C)s H. 0 
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Theorem 3.4. Let X be a set and let 011 be a quasi-uniformity on X. Then (X, $1) is 
Smyth symmetric if and only if it is both small-set symmetric and semi-symmetric. 
Proof. Suppose that Ou is both small-set symmetric and semi-symmetric. Let A and 
B be subsets of X with AS&B. By Lemma 3.1(d), A6GB and so by Proposition 3.3, 
B6,A. It follows that BS$A. Thus (X, “11) is Smyth symmetric. 
Now suppose that 011 is Smyth symmetric. By [lo, Corollary to Proposition 1.11, 
% is small-set symmetric and it is evident from Proposition 3.3 that 52 is semi- 
symmetric as well. q 
Corollary 3.5. Every equinormal small-set symmetric quasi-uniformity is Smyth sym- 
metric. 
Proof. Every equinormal quasi-uniform space is semi-symmetric. 0 
Theorem 3.6. If 021 is a small-set symmetric quasi-uniformity, then % is uniformly 
regular. The converse holds whenever % is totally bounded. 
Proof. Let X be a set and let % be a small-set symmetric quasi-uniformity on X. 
Let U E Ou and let V E % such that V2 E LJ and V(x) is open for each x E X. Let 
x E X, let p E V(x) and let A be a V-small open set containing p. Since A n V(x) # 0, 
p~Ac V(V(x))c U(x). 
Now suppose that Y is a totally bounded uniformly regular quasi-uniformity on 
X. Let A be open and U E ?Y By Lemma 3.1(c), it suffices to show that A G U(A). 
There is a V E Y such that V(x) G U(x) for all x E X. By [ 13, Corollary to Theorem 
11, there are sets C,, Di, lsisn such that UT,, C;=X and V=lJy_, C,xD,. 
Consequently, {V(x): XE X} is a finite set and AZ U { V(x): XE A} = 
IJ {V(x): x E A} c I_, {U(x): x E A} = U(A). This completes the proof. 0 
It follows from Theorems 3.4 and 3.6 that every Smyth symmetric quasi-uniformity 
is uniformly regular. The next theorem establishes the stronger result that every 
Smyth symmetric quasi-uniformity is quiet; in Example 5.3 we note that a small-set 
symmetric quasi-uniformity need not be quiet. 
Theorem 3.7. Every Smyth symmetric quasi-uniformity is quiet. 
Proof. Let X be a set and let 021 be a Smyth symmetric quasi-uniformity on X. Let 
U E % and choose VE 021 such that V” c U. We show that V is quiet for U. Suppose 
that (9, 9) is a Cauchy pair of filters, and let x, y E X such that V-‘(y) E 9 and 
V(x) E 9. Then V-‘(y)&,V(x) and by Smyth symmetry V(x)&~V’(y). Thus there 
exists (a, b) E V(x) x V’(y) n V. Since (x, a), (a, b), and (b, y) belong to V, (x, y) f 
u. 0 
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Corollary 3.8. Let (X, 021) be a totally bounded quasi-uniform space. The following 
statements are equivalent. 
(a) The quasi-uniformity 42 is quiet. 
(b) 77re quasi-unt$ormity % is a uniformity. 
(c) The quasi-unzformity % is Smyth symmetric. 
Proof. (a) implies (b), [9, Proposition 31. 
(b) implies (c), [ 10, Proposition 1.21. 
(c) implies (a), Theorem 3.7. 0 
Theorem 3.9. Let X be a set and let % be a strongly D-complete small-set symmetric 
quasi-uniformity. Then % is quiet. 
Proof. Let U E % and let WE Ou such that W4s U and W(x) is open for each 
x E X. Let (9, 9) be a Cauchy pair of filters and let x, y E X such that W-‘(y) E 9 
and W(x) E 9. Let z be a cluster point of R By [ 15, Theorem 31, 9 converges to 
z. Thus z E W(x) G W’(x). There exists p E WP’(y)n W(z); hence y E W(p) c 
W’(z) c W”(x) c U(x). 0 
Corollary 3.10. Let (X, “u) be a locally symmetric D-complete quasi-unzform space. 
If Ou is small-set symmetric, then % is quiet. 
Proof. [8, Proposition 3.11. 0 
In Section 5 we give an example of a locally symmetric D-complete quiet 
quasi-uniformity that is not small-set symmetric, and Example 5.3 shows that a 
totally bounded small-set symmetric quasi-uniform space need not be a uniform 
space. 
4. Open symmetry 
We seek a factorization of Smyth symmetry different from that given in Theorem 
3.4 because in that factorization one factor, semi-symmetry, is not defined entirely 
in terms of open sets. Our alternative factorization is motivated by the characteriz- 
ation of semi-symmetry given in Proposition 3.3. 
Definition. Let (X, “u) be a quasi-uniform space. The quasi-uniformity 011 (quasi- 
proximity 6,) is open symmetric provided that whenever A and B are open sets, 
A&B if and only if B&A. 
There is a characterization of open symmetry analogous to the definition of 
semi-symmetry, which we state without proof. 
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Proposition 4.1. A quasi-uniformity 42 on a set X is open symmetric if and only if, 
whenever A is an open set, B is a closed set and U-‘(A) G B for some U E 52, there 
is a VE % such that V(A) z B. 
In [2] De6k establishes that every regular semi-symmetric space is locally sym- 
metric. Using the argument given there and Proposition 4.1 we can readily establish 
that every regular open symmetric space is locally symmetric. Again we omit the 
proof. 
Both semi-symmetry and open symmetry are quasi-proximity invariant properties. 
The Pervin quasi-uniformity 9 of any topological space is semi-symmetric. It is 
easy to verify that 9 is open symmetric as well. 
Theorem 4.2. Let X be a set and let % be a quasi-uniformity on X. Then (X, %) is 
Smyth symmetric if and only if it is both small-set symmetric and open symmetric. 
Proof. Suppose that Ou is open symmetric and small-set symmetric. Let A and B 
be open sets and let U E 021 such that U(A) c_ B. Choose WE “11 such that W(x) is 
open for all x E X and W4 E U. Set A’ = X - A and B’ = X - W’(A). Clearly A n A’ = 
0 and by Lemma 3.2, B u B’ = X. Since W’(A) n B’ = 0, there exists V E % such that 
V( B’) n W(A) = 8. Then V( B’) c X - W(A) c X - A = A’. Thus % is Smyth sym- 
metric. 
The remaining implication of the theorem is an immediate consequence of 
Theorem 3.4 and [17, Proposition 31. q 
Corollary 4.3. Let (X, %) be small-set symmetric. Then % is open symmetric if and 
only if 52 is semi-symmetric. 
Corollary 4.4. Every open symmetric uniformly regular totally bounded quasi-unifor- 
mity is a uniformity. 
5. Examples 
Theorems 3.4 and 4.2, Proposition 4.1, and the remarks following Proposition 4.1 
exhibit a parallel between the results concerning semi-symmetry and those concern- 
ing open symmetry. We begin this section with examples to show the independence 
of open symmetry and semi-symmetry among quasi-uniformities that are not small- 
set symmetric. 
Example 5.1 [lo, Example 1.41. Let 9 be the topology on the set R of all real 
numbers for which a typical basic open set is an open interval from which some 
(possibly empty) subset of the set Q of rational numbers has been deleted. For each 
F > 0 and each set F c Q let rl;;, = {(x,y)~RxR:Ix-yl<e andifxfy, y$F}. 
Then {U,, : E > 0, F c_ Q} is a base for a quasi-uniformity %! compatible with Z In 
[lo] it is shown that 011 is open symmetric. To see that 011 is not semi-symmetric let 
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A={l/n:n=1,2,...},andletB={-~/n:n=1,2,...}u{0}.NotethatAandB 
are closed. Even though for every e > 0 and every FE Q, U,, n A x B # 0, U,_, n 
B xA=@. Therefore A&B, but B6,A. 
Example 5.2. A uniformly regular equinormal (hence semi-symmetric) quasi- 
uniform space that is not open symmetric. 
Let w, be the first uncountable ordinal and give w, the order topology. For each 
(Y, B E w, let 
1 
(a, PI, if (Y < B and B is a limit ordinal, 
U,(P)= WI, if B < (Y and B is a limit ordinal, 
{P], if B is a successor ordinal. 
Then Y= {U, : (Y E aI} is a transitive subbase for a quasi-uniformity % compatible 
with the order topology. To see that % is equinormal, let F and K be disjoint closed 
sets. One of these sets (say K) is compact [ 12, p. 741. For each x E K choose (Y, E w, 
such that U’,Y(x) n F = 0. There is a finite subcollection of the chosen U,,(x), say 
{ lJaY (xi): 1 c is m}, that covers K. Let V = ny=, Uay and let q E V(K). Then there 
exists a p E K such that q E V(p) and an i, 1 d is rn, such that p E U,, (xi). It follows 
that q E Ui, (xi) c X -F. Therefore V(K) n F = $4, and so KaouF. To complete the 
proof that (;L)i, “u) is equinormal, we prove that F6,K. Let y = sup K; then y E K. 
Let F’ = F n [0, y] and let F” = F - F’. For each x E F’ let (Y, E w, such that U’,_(x) n 
K = 0. Since F’ is compact there is a finite subcollection of the chosen U,,(x), say 
LJCz, 9 1 G is II, that covers F’. Let V = f-j:=, lJoy n U,. It suffices to prove that 
V(k) n K = 0. Note that V(F) = V( F’) u V( F”). Let z E V( F’) and let p E F’ such 
that z E V(p). There exists i, 14 is n such that p E U,, (x,). Thus z E Uf,,,(x,) E X - K 
and so V( F’) n K = 0. Moreover, V(F”) c U,,( F”) c (-y, w,) and since y is an upper 
bound of K, V(F”) n K =0. Therefore (w,, %) is equinormal. 
To see that % is uniformly regular, observe that for (Y, B E w,, U,(p) = U,(p). 
It remains to show that % is not open symmetric. Let A and B be disjoint open 
subsets of w, such that A consists of a cofinal set of successor ordinals and B 
contains a cofinal set of limit ordinals. Evidently UrnI, n B = An B = 0. Suppose 
there exist CY,<LY,<.*‘<CY,, (Y,EW,, l<i~n such that U(B)nA=@ where U= 
n:=, U,,. We reach a contradiction by showing that ((Y,, w,)c U(B). Let p E 
(a,,, w,). Then there exists a limit ordinal B E B such that LY, <p <B. for each i, 
lsisn, ai<B and SO U,,(p)=((Yiyp]; hence U(p)=nr=, (a,,P]=(a,,P] and 
so PE U(P). 
There are already examples in the literature establishing that quietness neither 
implies nor is implied by semi-symmetry, open symmetry, or small-set symmetry. 
The Sorgenfrey line with the quasi-uniformity induced by the natural quasi-metric 
[ll, p. l] is quiet [4, p. 1341. It is easy to see that this quasi-uniformity has none of 
the properties listed above. In [2, p. 31 De&k gives an example of a locally symmetric, 
small-set symmetric, quiet space that is not semi-symmetric, and [S, Example 4.21 
provides a locally symmetric small-set symmetric space that is not quiet. The Pervin 
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quasi-uniformity on the space of all rational numbers is open symmetric and 
semi-symmetric but not quiet [7, Corollary 2.61; the fine quasi-uniformity on this 
space is open symmetric, semi-symmetric, locally symmetric, D-complete, and quiet, 
but not small-set symmetric [7, Example 3.31. Our last example shows that quietness 
is not implied by small-set symmetry even in the class of totally bounded spaces. 
Example 5.3. Let X be the open unit interval and for each p in X let UP = 
(X x X - {p} x X) u {(p, p)}. Let 011 be the quasi-uniformity on X for which { UP : p E 
X} is a (transitive) subbase. Since F-(011) is discrete, % is small-set symmetric and 
it is easily verified that “u is totally bounded as well. Because of Corollary 3.8, in 
order to show that 021 is not quiet it suffices to observe that {4)6&(X -{i}) whereas 
(X -GI)&&. 
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